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Abstract 

We prove the extended Hilbert's Nullstellensatz in the context of 
Hu-Liu polynomial trirings. 

Which kinds of noncommutativc rings are suitable for extending algebra 
geometry? Different attempts have been made to answer this question, but a 
satisfactory answer is still in hiding. My attempt at answering this question 
comes from the trivial extension of a ring by a bimodule over the ring. The 
trivial extension R >< S of a ring R by a i?-bimodule ^5^ has been used in 
both algebra geometry and commutative algebras for a long time ([1] and [5]). 
Even the i?-bimodule R S R is itself a ring, the multiplicative structure on the ring 
R S R does not play any role in the trivial extension R t>< S, and the researchers 
who make use of the trivial extension R >< S have not paid attension to the 
multiplicative structure on the ring R S R . Simply speaking, my idea of choosing 
a class of noncommutative rings is not to forget the multiplicative structure 
on the ring R S R while using the trivial extension R >< S. If we combine 
the ring product on S with the bimodule actions on R S R by using the Hu- 
Liu triassociative law, then we get a triring structure on the trivial extension 
R >< S, which was introduced in [2J. In particular, if R is a commutative 
ring and the i?-bimodule R S R is also a commutative ring, then the resulting 
triring on R >< S is called a Hu-Liu triring. A Hu-Liu triring R ><S is a 
noncommutative ring with respect to the ring product on the trivial extension 
R >< S if the left i?-module R S is different from the right i?-module S R . These 
kinds of Hu-Liu trirings are a class of noncommutative rings which are very 
close to commutative rings. 

Based on the curiosity to extend algebraic geometry in the context of Hu- 
Liu trirings, I started on the study of affine trialgebraic sets in Chapter 5 of [2]. 
This paper is the continuation of the study. The main result is the extended 
Hilbert's Nullstellensatz. 
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Throughout this paper, the rings considered are assumed to have an identity, 
and a ring R is also denoted by ( R, +, • ) to emphasize that • is the ring product 
on the ring R. 

We begin this paper by recalling some basic definitions and facts from [2J. 
A ring (R, +, ■) is called a Z2-ring if there exist two subgroups Ro and R\ of 
the additive group of R, called the even part and odd part of R respectively, 
such that R = Rq® R\ (as Abelian groups) and 

RqRq C Rq, RqRi + RiRq C R\, R\R\ = 0. 

A ,2^-ring is nothing more than a trivial extension of a ring by a bimodulc 
over the ring. Recently, -Z 2 -rings or trivial extensions of a ring by a bimodule 
have been used to generalize the Lie correspondence, to extend the Frobenius' 
Theorem about the finite dimensional division real associative algebras, and to 
introduce new generalizations of Jordan algebras and Malcev algebras in [3] and 

a- 

Let ( R = Rq®Ri, +, • ) be a Z2-ring. R is called a triring if exists a binary 
operation ft on the odd part R\ of R such that ( +, jj ) is a ring, and the 
two associative products • and jj satisfy the Hu-Liu triassociative law: 

x(a (J 0) = (xa) jj j3 and (a $0)x = a jj {fix), (1) 

where x G R and a, f3 G Ri . A triring R — Rq © R\ is sometimes denoted by 

[R, +, •, it) or [R = R Q ®R 1 , +, (J ), 

where the associative product ft on the odd part R\ is called the local product, 
and the identity l" of the ring {Ri, +, tt ) is called the local identity of the 
triring R. A subset / of a triring ( R, +, •, [I ) is called a triideal of i? if I is 
a graded ideal of the Z 2 -nng R = Rq © Rx, and I\ = I Pi i?x is an ideal of the 
ring S ). 

In order to clear up the relation between trivial extensions and Hu-Liu trir- 
ings, we need the following 

Definition 1 Let R be a ring. A i?-bimodule R S R is called a sharp bimodule 
over R or a sharp i?-bimodule if ( 5, +, tt ) is a ring and (1) holds for x G R 
and a, f3 G S. 

Trirings are nothing more than trivial extensions of a ring by a sharp bi- 
module over the ring. In fact, if (R = R © Ri, +, •, tt ) is a triring, then 
R = Ro >< R\ is the trivial extension of the ring R by the sharp i? -bimodule 
R (-Ri) H ■ Conversely, if R >< S is the trivial extension of a ring R by a sharp 
i?-bimodule R S R , then 

( R X S = {R X S) © (R X S) u 
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is a triring, where the local product jj is the ring product carried by the ring 
(S, +, jj ), and the even part (i? >< S)o and the odd part (i? >< S^i are given 

by 

(R>< S) := (R, 0) and (i? >< 5)i := ( 0, 5 ). 
We now recall the following definition from 
Definition 2 Let ( i? = Ro © +, •, jj ) be a triring. 

(i) R is called a commutative triring if both (R, +, ■ ) and +, jj ) are 

commutative rings. 

(ii) R is called a Hu-Liu triring if both ( Rq, +, ■ ) and (Ri, +, jj ) are com- 

mutative rings. 

(iii) i? is called an algebraic closed 3-trifield if both (Ro, +, ■) and 
(Ri, +, jj ) are algebraic closed fields, and Ri = R 1^ = I^Rq, where 
l" is the local identity of the triring R. 

Commutative trirings are a class of commutative rings with many zero divi- 
sors. Since the zero divisors in a commutative triring are controlled nicely by 
the local product, the theory of commutative algebra can be extended satisfac- 
torily in the context of commutative trirings. For example, the book |F] can be 
rewritten in the context of commutative trirings. 

Let (k = k ki, +, •, jj ) be an algebraic closed 3-trifield with a local 
identity l", where ko and ki are the even part and the odd part of k respectively. 
Let k"[n] := k^x^), £(2), ■ ■ ■ , X( n \] be the Hu-Liu polynomial triring over k in 
n indeterminates %m, X(2)> ' ■ •> %(n)- The Hu-Liu polynomial triring k"[ro] = 
k' [xn\ , xn) , • • • is a Hu-Liu triring, its even part 

k tt [n]o = k [x (1)0 , ir( 2) o, • • • , £(„)o] 

is the polynomial ring over the algebraic closed field (ko, +, • ) in n indetermi- 
nates X(i)o, ^(2)0: • • •, X(n)o, and its odd part 

k tt [n]i = ki[x ( i) l J , • • • ,x (n)0 l B ,a; (1)1 , • • • l B a;(i)o, ■ l^(n)o] 

is the polynomial ring over the algebraic closed field (k 1; +, jj ) in 3n indeter- 
minates x {1)0 lK ■ ■ ■, x (n)0 l\ x (1)1 , • • • , x (n)1 , l J a; (1)0 , • • •, l B a; (n)0 . Let A£ be 
the affine n-trispace over k, where A£ is defined by 

A k : = { ( a (i), 0(2), O(n)) I Hi) e k for 1 < j < n}. 

See Section 4.1 in for the construction of the Hu-Liu polynomial triring. 
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If a = (o(i), 0(2), • • • , 0( n )) G A£, we define 

ao : = (o(i)Oj 0(2)0, ■ • •, a (n)o) G A£ o , 
aol 11 : = (a(i) l B , a(2)ol B , ' ' ' , a(n)ol tt ), 

0-1 '■ = (O(l)l) 0(2)1, • • • , 0(n)l)) 

l J ao : = (I tt a (1 ) , l tl a ( 2)o, • • • , l B a(„)o) I 

where ay) = ayja + ami, O(j)o G ko and ayu G ki are the even component 
and the odd component of atj\ for 1 < j ' < n. Let J — Jq © J\ be a triideal of 

k*[n]. The even affine trialgebraic set Vq(J) and the odd affine trialgebraic set 

Vf(J) determined by the triideal J are defined by 

V \J) := { a G A£ | F Q (a Q ) = for all F„eJ„} 

and 

V/(J) := { a G A£ | Fxfaol*, a x , l J a ) = for all Fi G Ji }• 

Clearly, Vjf(J) C Vq (J). Other basic properties of even and odd affine trialge- 
braic sets are given in Proposition 5.1 of [2]. 

Let Vo and V\ be a pair of subsets of the affine n-trispace A£, where V\ C Vb- 
Define 7 tt (Vb,Vi) by 



F G k«[n] , G k«[n]i, 
-Fo(oo) = for all a G Vo, and 
fit&ol", &i, l s &o) = for all b G Vi 



Then /''(Vb, VI) is a triideal of k»[n]. 

The next proposition gives the main result of this paper. 

Proposition (The Extended Hilbert's Nullstellensatz) Let k = ko © ki 

be an algebraic closed 3-trifield. If J is a triideal of the Hu-Liu polynomial 
triring k»[n] = k»[x (1) ,x (2) , • • ■ ,x {n) ], then /'(V^J), V/(J)) = #J, where 

Go G k»[n] , Gi G k*[n]i, and 



G™ G Jq and G-f ™ G Ji for some to, n G Z >0 



:= <^ Go + Gi 

|_ Utq t JO 

is the graded nilradical of J, and G$™ := Gi jj Gi • • • (t G\. 



Proof Let Go + G\ be an element of vJ = yCJo © \/Ji, where Go G y/Jo and 
Gi G \/Ji. Then G™ G Jo and G\ n G Ji for some m, n G 2>o- Hence, we have 

(G (ao)) m - Go"(a ) - for all a G V S (J) 

and 

(Gi(M B , 6i, I'M) " = Gl "(6 1», fti, 1 J M = for all 6 G Vf (J). 
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It follows that GoM = for all a G V§(J) and Gi(6 l tt , h, 1%) = for all 
b G Vf(J). Thus, Go + Gi G / S (V^(J), V?(J)). This proves 

v^C/»(y »(J),vf(J)). (2) 

Conversely, let F = F + Fi G fl(V$(J),V^(J)) with Fj G k»[n] t for i = 
and 1, then 

F o (a o ) = fotaRa eV(J )CV*(J) (3) 

and 

Fi(hol 8 , &i, l"&o) = for all 6 G V?(J), (4) 

where V(Jo) is the ordinary affine algebraic set in the affine n-space A£ q . By 
([3]), we have F G 7(V(Jo)), where J(V(Jo)) is the ideal determined by V(Jq). 
Using Hilbert's Nullstellensats in the polynomial ring 

k"[n] = ko[x(!)o,a;(2)0) ' ' '^(njo], 

we get 



F G 7(F( J )) = Vjb C ^J. (5) 
If Fi = 0, then F = F G ^J by ©. Hence, we get 

F = F + F 1 e I*(V$(J), Vl{J)) and Fx = => F e VI. (6) 
If F\ 7^ 0, we consider the Hu-Liu polynomial triring 

i?:=k B [n+l] = (k J [n]) [x ( „ +1) ] = k B [a; (1) , • • • , x (n) , x (n+1) ] 

over k in n + 1 indeterminates ■ • •, ^(n)? x (n+i)- Let 

17 := Jo^o 8 ( Ji (t Hi + (£(„+!)! (t Fi - 1«) ft ife) , 

where i?o an d R\ are the even part and the odd parts of R respectively. Clearly, 
U is a triideal of R and J = Jo J\ C [/. If 

C/i = Ji tt Hi + (x (n+ i)i ft Fi - 1") ft i?i ^ J2i, 

then Vf{U) 7^ by Proposition 5.2 (ii) in [2J. Thus, there would exist 

c = (c(i), • • • , C(„), C( n+ i)) G A£ +1 

such that 

gi(c l J , ci, l»co) = for all gl G t/i, (7) 
which would imply that 

fi(d l J , dx, I s d ) = for all fi G Ji, (8) 
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where d — (cm, • • • , ci n \) G A£. It follows from ||SJ) that 

d=(c (1) ,---,c (n) )GVf(J). (9) 
By O, © and ©, we get 

= 0(n+l)l |t -Fil - l B )(c) = C( n+ i)i jJFi(c l B , Ci, l J c ) - l" 

= c (n+1)1 ((^(dol 8 , di, l"do) - 1* = c (n+1)1 DO - 1 J = 
which is impossible. This proves that 

U x = Ji1Ri + (z(„+i)i tt ^1 - I s ) It #x = -Hi- 
Therefore, the local identity l" can be expressed as 

m 

where m € 2>o, Fyj G Ji, gy) G Ri, h G i?i and 1 < j < m. Let 

ki(3n) := ki (x (1)0 l\ • • • , x ( „ )0 l B , a; (1)1 , • • • , x {n)1 , l^mo, • • • , l s X( n ) J 

be the fractional held of the polynomial ring ki[3n] over the field (ki, +, ft ) 
in 3n indeterminates x {1)0 l$, ■ ■ •, £ (n ) l B , ■■■ , x (n)1 , l B £(i) , ' ' l S ^(»)o, 

where 

ki[3n] := ki x (1)0 l J , • • • , x^qI^x^i, ■ " , x (n)i, 1^(1)0) • ■ • . l B £(n)o 
By the universal property of the polynomial ring 

ki[3(n + l)] := (ki[3n]) a; (n+1 ) l 8 , Z(n+x)x> l S ^n+i)o , 
there exists a ring homomorphism ?/) : ki[3(n + 1)] — > ki(3n) such that 



fki[3n]j = the identity map 



and 



-0(^(n+X)ol tl ) = = -i/'^l B X(„ + i) ) , ^(z(n+X)x) =^T' 

After applying ?/> to (flO|) . we get 



1* = ^(1») = £ V (F )) ft ^ (g(i) (^(i)ol J , ■ • • , ar ( n)ol», ^(n+x)ol J , 
i=x 

£(x)x, • • • , £(n)i,^(n+i)x, l"a;(x)o. ■ • • j I'^Ho, l 8 a;(n+x)o)) 
= E F ti) ttS(j) ( x (i)o ltt , • • • ) ^(n)o lJ , 0, Bmi, • • • , ar (n)1 , — , 

"(i)or--,lS™)o> )- ( n ) 



j=x 
1^ 



Let Sj be the degree of 

S(j) (^Wo 1 ") ' • • > ^Hol", 0, • • • , x (n)1 , -jp, l s a; (1)0 , • • • , l tt £( n ) , o) 

when considered as a polynomial in — with coefficients in ki [3n] . Then 

{Fif s (J g W ) ^(ijol", • • • , a; (n ) l tt , 0, x ( i)i, • • • , l^ijo, • • ■ , I'^njo, o) 

is in ki[3n], where s := max{ 1 1 < j < m}. Using this fact and multiplying 
both sides of |Qj} by we get 

m 

(FO^e^F^H (k x [3n])C J x . (12) 

3=1 

By J5J and (JUJ), we have 

F = F + F 1 e IHV^(J), Vf(J)) and F x ^ =>■ F E VJ. (13) 
It follows from © and (JT3J) that 

VJ2i*(yUj),vHj)). (14) 

The extended Hilbert's Nullstellensatz now follows from © and (fT4")l . 

□ 
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